Contrary to the general consensus in the literature that Friedmann-Lemaître-Robertson-Walker (FLRW) geometries are of embedding class one (i.e., embeddable in one higher dimensional pseudo-Euclidean spaces), we show that the most general k = 0 and k = −1 FLRW geometries are of embedding class two, and their corresponding pseudo-Euclidean spaces have strictly one and two negative eigenvalues, respectively. These are particular results that follow from the new perspective on FLRW embedding that we develop in this paper, namely that these embeddings are equivalent to unit-speed parametrized curves in two or three dimensions. A careful analysis of appropriate tensor fields then gives identical results and further explains why the classtwo geometries remained hidden. However, the signatures of the embedding spaces, as well as the explicit embedding formulae, follow only from the curve picture. This also streamlines the comparatively difficult k = 0 class and provides new explicit embedding formulae for it and reproduces known embedding formulae for the k = 1, −1 classes. Embedding into anti-de Sitter space in one higher dimension can likewise be done by constructing associated curves. In particular, we find that all k = 1 and mildly restricted subclasses of k = 0, −1 geometries are embeddable in anti-de Sitter space in one higher dimension.
Introduction
It is common practice in general relativity to introduce students to the de Sitter and anti-de Sitter (AdS) spacetimes as "hyperboloids" embedded in one-dimensional higher flat spaces with negative signatures, much like the sphere in Euclidean space. Unlike the Schwarzschild spacetime, which is usually presented as the first nontrivial solution of the Einstein equations, these two spaces are of constant curvature and their embeddings help build intuition and develop an appreciation for the benefit of using different coordinates (see, for example, [1] ). At this point, students are not introduced to various embedding theorems of differential geometry and one pays little attention to the different signatures of the embedding flat spaces.
Riemannian geometry studies geometric objects intrinsically. Nonetheless, embeddings of Riemannian spaces, local or global, into higher dimensional flat or nonflat spaces can provide additional insights, and their study constitutes a well-researched area of mathematics with many classic results [2] . Many embedding results in the Riemannian case have pseudo-Riemannian counterparts [3, 4] . These include the extended Schläfli-Janet-Carter-Burstin theorem that any d-dimensional pseudo-Riemannian space can be locally isometrically embedded in a d(d+1)/2-dimensional pseudoEuclidean space. 1 For a particular d-dimensional geometry, especially in the presence of symmetry, the dimension of the pseudo-Euclidean space could be as low as (d + 1). Of course, a necessary condition for any embedding is that the pseudo-Euclidean space (or the embedding geometry) cannot have fewer negative or positive eigenvalues than the embedded geometry. The number of extra dimensions in the "minimal embedding" of a metric is what constitutes its "embedding class." Thus, every four-dimensional Lorentzian geometry has a (fixed) embedding class ranging between one and six (p = 1 to p = 6). The constant curvature spaces above, for example, are of embedding class one and the Schwarzschild solution is of class two. Embedding classes provide an invariant classification scheme, which can be used in conjunction with the other classification schemes based on symmetry and the Petrov type for solutions in general relativity [6] .
In this paper, we will consider local isometric embedding of Friedmann-Lemaître-RobertsonWalker (FLRW) spacetimes in pseudo-Euclidean spaces, and then in AdS space. Explicit embedding formulae for these spacetimes in the Minkowski space were first obtained by Robertson [7, 8] . These were derived independently by Rosen, who constructed pseudo-Euclidean embeddings of many other known spacetimes and was unaware of Robertson's work [9] . Interestingly, the same formulae kept being rediscovered in various contexts until fairly recently, sometimes with erroneous or premature conclusions; see [10] for a comprehensive list of references. 2 In any case, the collective summary is as follows: all possible k = 0, 1 FLRW geometries, but only a certain type of the k = −1 (e.g. those obeying the Einstein equations of the standard cosmological model) are embeddable in onedimensional higher Minkowski space; the other k = −1 subclass of geometries is embeddable in one-dimensional higher pseudo-Euclidean space of two negative eigenvalues.
Our initial purpose of revisiting FLRW embedding further was to offer a simple geometric picture in which these embeddings can be seen as parametrized unit-speed curves in an auxiliary two-dimensional Minkowski space. Known embedding formulae for k = 1 and k = −1 follow from their respective curves in this picture, and the comparatively tenacious k = 0 class is brought into an equal footing with the k = 1, −1 classes and acquires embedding formulae that are more intuitive. However, looking carefully at the curve construction, we noticed that two possible types of geometries (belonging to the k = 0 and k = −1 classes) went unnoticed in all previous studies and that their embedding curves can be constructed only by allowing one additional dimension (and appropriate signatures), making them embedding class two. This makes us consider the more traditional tensor construction for embedding, which agrees in every detail with the curve construction and, in addition, provides a plausible explanation as to why such geometries remained unnoticed. With these two classes taken into account, embeddings for all possible Lorentzian FLRW geometries are covered.
We then exploit the picture of the curve in determining embeddings of FLRW spacetimes in the AdS space. The particular advantage of classification based on pseudo-Euclidean embeddings disappears in nonflat embeddings. However, nonflat embeddings are mathematically and physically interesting, tracing their roots back to the original work of Kaluza-Klein, who showed that fivedimensional vacuum general relativity gives rise to four-dimensional general relativity with matter sources. More recently, finding realistic four-dimensional cosmological "brane" universe models embedded in higher dimensional "bulk" spacetimes has been a constant theme (see, for example, [13] , and references therein). In particular, in various supergravity, string and M theories, the AdS space serves as the bulk. Despite this interest, a geometric embedding of FLRW in the AdS space, without a contribution from an energy-momentum tensor or otherwise, has not been done before.
FLRW in Pseudo-Euclidean Spaces
A d-dimensional FLRW geometry is a warped product of a (d − 1)-dimensional fiber of constant scalar curvature k with a one-dimensional base:
Because of the maximal symmetry of the fiber, it is sufficient to work with d = 4 without loss of generality. We will consider only the Lorentzian case below, from which one should be able to work out the Riemannian case with little modification, mostly by changing signs. We will refer to the warping function a(τ ) as "scale factor" following the physics literature, and will assume it to be continuous and differentiable.
It is customary to write the four-dimensional (2.1)-(2.2) in the following combined form:
3) from which the above, and other forms can be worked out with simple transformations of coordinates. With the ansatz (2.1)-(2.2), or (2.3), the Einstein equations reduce to a set of ordinary differential equations in a(τ ), the solution of which depends on the matter content and the scalar curvature k of the (homogeneous) hypersurface. However, we will consider all possible geometries of the form (2.1)-(2.2) that do not necessarily follow from any Einstein equations; however, the standard cosmological cases will be considered alongside as a special class. 3 As a precursor to the particular approach of embedding that we will develop, we revisit the embedding of de Sitter space in one-dimensional higher Minkowski space to see how this can be studied as a curve in a two-dimensional Minkowski space. We start with the Minkowski metric in polar coordinates in five dimensions:
where dΩ 2 3,1 is the standard SO(4)-invariant metric on S 3 as above. As usual with polar coordinates, r = 0 is a coordinate singularity of this metric. Now, consider an SO(4)-invariant hypersurface in (2.4) given by t = F (r). (2.5) This represents a curve in the t-r plane of (2.4), to each point of which a sphere of radius equal to the curve's r coordinate is attached. The induced metric on this four-dimensional hypersurface is then
This is timelike if F ′2 > 1. Taking (F ′2 − 1) = 1/(r 2 − 1), one obtains
which is easily recognizable as the de Sitter metric. With r = cosh τ , it can be turned into the more familiar form:
which covers the whole of de Sitter space except at the same trivial singularities of (2.4). Finally, integrating for F (r), one obtains t = ± r 2 − 1 (2.9)
as the hypersurfaces (2.5). These are nothing but the two sides of the hyperbola r 2 − t 2 = 1 in the t-r subspace of (2.4). The transition from the usual picture of de Sitter as a hyperboloid in one-dimensional higher Minkowski space to that of a curve in two-dimensional Minkowski space is possible because we were able to identify, and factor out, the common spherical symmetry between the Minkowski and de Sitter spaces by writing them in similar coordinates, (2.4) and (2.7), respectively. In both, r plays the common role of the radius of the sphere. This particular advantage disappears as we consider FLRW geometries, but can be circumvented by moving into a parametrized description of curves, as we will see below.
The k = 1 FLRW
We will write the k = 1 FLRW spacetime metric in the following warped form:
and take the five-dimensional Minkowski metric as before:
We can proceed as in the example above by taking an SO(4)-invariant hypersurface defined by t = F (r), which represents a curve in the t-r subspace. However, this would not, in general, lead to a compact expression as was possible for the de Sitter space. A better approach would be to consider the curve as parametrized with η (see, for example, [14, 15, 16] ):
Note that this means we have taken r = a(η) and t = b(η). The 4 − d metric on the hypersurface is then
where prime represents differentiation with respect to η. If we choose
the metric (2.13) gives (2.10) upon identifying τ and η. Thus, the curve (2.12) in the t-r planewhich is a two-dimensional Minkowski space -is a unit-speed timelike curve. Rearranging, we find
which for any a(τ ) can be integrated. Thus, for any a(τ ), there exits the unit-speed curve parametrized by τ :
Since the coordinates of the spheres are already identified, to see if we indeed have an isometric embedding or not, we need to check the curve as a map from the real line. It immediately follows from (2.14) that this is, first of all, an immersion since b ′ and a ′ cannot be simultaneously zero, and so the Jacobian of the map will have the necessary rank. In addition, the curve (2.16) is one-to-one for any continuous and differentiable a(τ ); thus, it is an embedding. The above result for k = 1 is geometric and does not presuppose any field equations (cf. the k = −1 class below), so it holds in general. This applies to cosmological and wormhole-type solutions alike. Note that all cosmological solutions in general relativity under reasonable matter assumptions will have an initial singularity. Thus, τ = 0 will be a true (general relativistic) singularity, which will coincide with the r = 0 (removable) coordinate singularity of embedding metric (2.11).
The explicit embedding formula for k = 1 (see, for example, [9] ) has as the extra-dimensional coordinate:
which easily follows from (2.15) above. Note that (2.15) was explicitly derived in [10] . However, its interpretation as a unit-speed parametrized curve was not noted. This interpretation will be most fruitful in determining the embedding of the most general k = −1 and k = 0 geometries and reformulating the k = 0 class.
de Sitter as a k = 1 model
Looking at it as a FLRW spacetime, the de Sitter metric (2.8) is a k = 1 model with a(τ ) = cosh τ . The parametrized curve (2.16) is then
which gives the same hyperbola r 2 − t 2 = 1 upon the elimination of τ found above. Note that de Sitter can be written in coordinates that turn it into a k = 0 model. We will discuss this in Section 2.3.1. On a historical note, de Sitter was the first cosmological model Robertson considered for embedding [7] .
The k = −1 FLRW
Analogous to (2.10), we will work with the FLRW k = −1 metric in the following form: 19) and with the following, somewhat less popular, form of the Minkowski metric:
As before, the curve in the t-r plane 4
would represent the following hypersurface: 22) which gives the metric (2.19) provided
It is easy to see, using similar arguments as the k = 1 case, that this is an isometric embedding. As before, (2.23) gives the extra-dimensional coordinate for the Minkowski that appears in the literature:
Note that (2.23), or (2.24), clearly requires a ′2 > 1 for the scale factor. The embedding of a ′2 < 1 models can be achieved by letting z 5 → iz 5 , i.e., by flipping the sign of the r coordinate in (2.20). Thus, this would require a pseudo-Euclidean space of two timelike directions -just as in the wellknown AdS space, a k = −1 model with a(τ ) = cos(τ ). The Einstein field equations for the standard k = −1 FLRW cosmological models driven by a perfect fluid (see, for example, [17] ) imply 25) which guarantees a ′2 > 1. Thus, within the standard general relativistic cosmological context, one can rule out a ′2 < 1. We note that the only work in the literature with an argument analogous to this is [10] , which also concurrently showed the requirement for two timelike directions for the a ′2 < 1 subclass. It seems that others did not pay much attention to the condition coming from (2.24), since either they did not mention the field equations to justify a ′2 > 1 or they did not discuss the need for two timelike directions for the a ′2 < 1 subclass despite the well-known example of the anti-de Sitter spacetime (see, for example, [18] ). 5 In any case, to summarize, for k = −1 geometries, there is a sharp dividing line between the a ′2 > 1 and a ′2 < 1 subclasses in terms of the pseudo-Euclidean spaces they can be embedded in.
Minimal embedding of the general k = −1 FLRW geometries
In all works with k = −1, what seems to have been missed altogether are those geometries that cross between the two subclasses, a ′ > 1 and a ′ < 1. Take, for example, a(τ ) = e τ /2 . This is nonsingular and there is no mathematical reason to exclude geometries like this. What would be the minimal pseudo-Euclidean space for them? As we will see below, the construction of a unit-speed curve leads to a definitive answer to this question.
Theorem 2.1:
The general k = −1 FLRW geometry is of embedding class two (p = 2) with strictly two negative eigenvalues.
Proof: It suffices to prove it in four dimensions, as before. Recall that the embedding pseudoEuclidean space must have at least the same number of positive or negative eigenvalues. This gives E 3,2 or E 4,1 as the only possible spaces to be considered in five dimensions. As we have already noted, a ′2 ≥ 1 and a ′2 ≤ 1 cannot both be embedded in E 3,2 or E 4,1 . This forces us to consider the six-dimensional pseudo-Euclidean space. The eigenvalues then allow only three possibilities: E 5,1 , E 4,2 , and E 3,3 . Starting with the metric on E 4,2 ,
gives the hypersurface,
which is a Lorentzian k = −1 FLRW geometry with scale factor a(τ ) provided
It is easy to see that this can always be satisfied for any given a(τ ) in multiple ways due to the arbitrariness of b(τ ) and c(τ ). In particular, if one chooses c(τ ) = τ , one gets b(τ ) = a(τ ), for any a(τ ). Flipping (separately) the signs of the ρ and r coordinates in (2.26), the analogs of (2.
respectively. Neither of these allows an unrestricted a(τ ) for any real choice of b(η) and c(η). Thus, E 4,2 is the minimal embedding space for the most general k = −1 FLRW geometries. ✷ Note that this also shows that the embedding is nonrigid in that it is not unique due to the freedom of choice for c(η) or b(η).
The General k = 0 FLRW
For the k = 0 FLRW models, the spacetime M 4 is R × E 3 with metric:
To proceed in parallel with k = ±1, we need to write the Minkowski metric as a cone over threedimensional flat Euclidean space. Although not well known these days, such a form has existed for quite some time (see, for example, [19] ) and reads:
This is a null cone over E 3 and one can check that its Riemann curvature tensor indeed is zero. As before, this does not cover the whole of Minkowski, but would suffice for embedding (2.32). The rest of the procedure is similar with little modification. We take the curve
in the t-r plane. The corresponding hypersurface in the five-dimensional Minkowski is then
we have the embedding. Differentiating (2.36) and solving simultaneously with (2.37), one obtains
and the following embedding in the Minkowski metric (2.33):
42)
43)
This is clearly simpler than the set found by others (see, for example, [9] ):
47)
48)
49)
which uses the Cartesian coordinates,
Note that, in this too, one is essentially expressing parts of the metric in polar coordinates.
de Sitter as a k = 0 model
As an illustration of the above, we consider the de Sitter metric in the following coordinates (see, for example, [1] ):
for which a(τ ) = e τ . It is easy to check that the corresponding curve (2.40) in the t-r plane is
which is in precise agreement with (2.18).
Minimal embedding of the general k = 0 FLRW geometries
For a ′ = 0, (2.36) implies b ′ = −c ′ , which contradicts (2.37). Thus, the analysis above is valid as long as a ′ = 0, i.e., in the absence of any local extremum of the scale factor. The a(τ ) = const. case is simple -(2.32) is then just the Minkowski metric and can be embedded in the five-dimensional Minkowski metric by simply adding a spacelike direction. However, the general case (i.e., when a ′ = 0 generally but with one or more a ′ = 0) would run into difficulty. For example, a(τ ) = 3 + sin(τ ) contains a ′ = 0. This is a nonsingular geometry, as can be seen from the components of the Riemann curvature tensor. Like the k = −1 case, here too, the remedy is in six dimensions. We take the six-dimensional Minkowski metric in the following coordinates, analogous to (2.33):
and consider the three-dimensional curve
which leads to the equations
Again, differentiating (2.55) and solving simultaneously with (2.56) for b ′ and c ′ , one gets a nonsingular curve for any continuous and differentiable f (τ ) that does not have any common critical number with a(τ ):
One has a huge freedom in defining the curve. Choosing, for example, f (τ ) = a(τ ) − τ , one obtains
Flipping the signs of r and/or ρ, it is easy to check that one cannot solve for b ′ and c ′ .
Theorem 2.2:
The general k = 0 FLRW geometry is of embedding class two (p = 2) with strictly one negative eigenvalue.
Tensorial Analysis
We now look for tensorial explanations of the above results. In particular, we would like to see how the most general k = −1 is p = 2 while its two subclasses are separately p = 1, and also how k = 0 is p = 2 when the scale factor has a local extremum. For this, we start with the general fact that an arbitrary (codimension-two) spherically symmetric metric
is at most p = 2 (for a standard proof, see, for example, [6] ). The Schwarzschild solution, for example, is p = 2. It is also known that for a spacetime to be of embedding class one (p = 1), a necessary and sufficient condition is that there exists a symmetric tensor Ω µν satisfying (see, for example, [3] ):
where the sign in the first equation is suitably chosen. The first equation implies the second if the determinant of Ω µν is nonzero. 6 The conditions under which a spherically symmetric metric (2.59) becomes p = 1 has also been considered (see, for example, [20] ). This results in the following necessary condition:
(2.62)
Now the general FLRW metric (2.3) is a special case of the spherically symmetric metric (2.59) with
and its Riemann curvature tensor has six (four algebraically independent) nonzero components, Eqs (2.63)-(2.68) below. Note that these easily satisfy (2.62) for all k and a(τ ), which may have reinforced the narrative that all FLRW models are of class one. However, (2.62) is only a necessary condition. So, we turn to (2.60)-(2.61) to derive Ω µν . It is quite straightforward to so for the FLRW geometries. 7 The vanishing 14 components of the Riemann tensor imply that the off-diagonal components of Ω µν are all zero. For the nonvanishing parts, one obtains 
66)
67)
where e = ± of (2.60). Note, again, that only four of the above are algebraically independent and they lead to the following solutions:
69)
One needs to choose e to make Ω 2 µν 's positive simultaneously.
One needs e = −1 if a ′2 > 1 and e = 1 if a ′2 < 1, which again shows the clear demarcation between the two subclasses. It is clear that, for k = −1, Eq. (2.69) breaks down at a ′2 = 1 and the tensor necessary and sufficient for (2.3) to be p = 1 does not exist on those points of the manifold. Thus, the most general k = −1 geometries are necessarily p = 2. Note that this obstruction does not appear at the level of the Riemann tensor, which is well defined at a ′2 = 1, showing, again, that nothing is wrong with such k = −1 geometries.
One needs e = −1 and Eq. (2.69) breaks down at a ′2 = 0, showing the nonexistence of the tensor.
One needs e = −1, and Ω µν is well defined, thus they are uniformly p = 1. (Note that for k = 1, r = 0 is a coordinate singularity of (2.3), which disappears in the other coordinates we used.) Thus, we obtain absolutely identical results from the tensorial analysis above as we did from our curve construction. The curve construction, in addition, tells us about the signatures of the embedding spaces, which tensors are unable to do.
Ricci flatness and Kasner's theorem
We end this section by addressing Kasner's classic theorem, which may have come to the mind of the reader [22] . It forbids embedding of any Ricci-flat geometry in a one-dimensional higher flat space. It follows from the (independent) components of the Ricci tensor of (2.3) -R 11 = 3a ′′ /a, R 22 = −(aa ′′ + 2a 2 + k)/(1 − kr 2 ) -that the Ricci-flat Lorentzian FLRW geometries are necessarily flat: a(τ ) = 1 for k = 0 and a(τ ) = τ for k = −1. Thus, there is no contradiction that the large part of the FLRW is of class one. In addition, the reason for the existence of class-two geometries is not due to Ricci flatness either.
Embedding FLRW in anti-de Sitter space
We will now apply the above ideas to construct curves for d-dimensional FLRW geometries in a (d + 1)-dimensional anti-de Sitter spacetime. Note that we are interested in just the geometric embedding in AdS unlike in various brane-world scenarios, where additional considerations, like brane tensions, come into play (see, for example, [23, 24] ).
Thanks to its SO(d−1, 2) symmetry, the AdS d+1 metric can be written in three different choices of static coordinates (see, for example, [25] ): 
in the t-r subspace (which is not flat) corresponds to the following d-dimensional metric:
Note that this curve is not unit speed. Rearranging (3.4), one obtains
which gives
(3.6)
For k = 1, both the numerator and the denominator in the integrand are strictly positive; thus, the curve exists for possible functional forms of a(τ ). For k = 0, the curve exists for all a(τ ) = 0 (a(τ ) = 0 reflects a breakdown of the static coordinates). On the other hand, for k = −1, one requires a 2 /l 2 + a ′2 ≥ 1 and a(τ ) = l. The condition a(τ ) = l leaves one to consider either 0 ≤ a(τ ) < l or a(τ ) > l for all τ . This is, interestingly, analogous to the pseudo-Euclidean case with the difference that the demarcation is now in terms of the scale factor itself rather than its derivative. However, for a(τ ) > l, the other condition, a 2 /l 2 + a ′2 ≥ 1, is automatically satisfied. For a(τ ) < l, one still has a 2 /l 2 + a ′2 ≥ 1 as an extra condition. For the standard cosmological models of general relativity, the latter can be eliminated, again by using (2.25), leaving a(τ ) < l as the only condition. Thus, depending on the geometry one wants to embed, l can be adjusted by choosing the cosmological constant Λ. For example, any wormhole solution with an arbitrary throat radius can be embedded in a suitable AdS d+1 .
Proposition 3.1:
The following d-dimensional FLRW geometries are embeddable in AdS d+1 : all k = 1, k = 0 with a(τ ) > 0, k = −1 with a(τ ) > l, and k = −1 with a(τ ) < l, a 2 + a ′2 ≥ l where
Again, the last condition can be eliminated by using the Einstein equations. We do not address the questions of whether the converse is true or not and whether one can do better by moving into higher dimensional anti-de Sitter spacetimes, as we did for the pseudo-Euclidean case. These would require a more careful analysis and would take us far from the immediate use of the curve picture that we wanted to demonstrate here. As illustrations, we show below that the d-dimensional constant curvature spaces fall within the purview of Proposition 3.1 in more than one set of coordinates and are embeddable in AdS d+1 . We will take l = 1 for simplicity.
Minkowski in AdS d+1
Minkowski can be seen as both k = −1 and k = 0 FLRW. For k = −1, its metric is (the ddimensional version of (2.20))
and it corresponds to the following curve in the t-r subspace of (3.1):
This is the same as the t = ln √ r 2 − 1 hypersurface in (3.1). Given the simplicity, it can be obtained directly as a curve t = F (r) and by requiring it to give (3.7), as in the very first example in this paper with de Sitter. Note that, as expected, this hypersurface is undefined at r = 1. Minkowski as k = 0 is trivial with a(τ ) = 1, giving the curve C = (τ, 1).
As we have seen, the de Sitter metric can be written in coordinates that make it k = 0 and k = 1. For k = 1, we have a(τ ) = cosh(τ ), which gives the curve
and for k = 0, we have a(τ ) = e τ , giving
(3.10)
In either case, it is the t = √ 2 r hypersurface, as can be obtained directly.
AdS d in AdS d+1
As before, the AdS metric with k = −1 can be written as 11) which is a model with a(τ ) = cos(τ ). This would correspond to the curve:
This is the t = const. hypersurface (for k = −1) of (3.1),
which transforms into (3.11) with r = cos τ .
Conclusion
The embedding of FLRW geometries has been studied independently by many researchers for over eight decades now, with every single study concluding that they are of embedding class one (even when more than one negative eigenvalue is required and the Einstein equations are not satisfied i.e., the a ′ < 1 sector of k = −1). Given the maximal symmetry of the constant-time hypersurfaces, it is, perhaps, no surprise that only one extra dimension is needed, which also, perhaps, explains the remarkable agreement and, often a déjà-vu-like resemblance, between different works. Recently, these works have been summarized, compared, and expanded in [10] . It is, therefore, important to isolate the new results we added to FLRW embedding in this paper. First, we showed that FLRW embedding in pseudo-Euclidean spaces is equivalent to unit-speed curves. With hindsight, for k = 1, −1, this picture was already hidden within the known embedding formulae and, in particular, in the equations obtained in [10] , which used the same coordinates as we did for k = 1, −1. What was left for us was to recognize the unit-speed parametrized curves and that they describe the embedding of the whole FLRW geometry they arise from. For the k = 0 class, which Robertson described as "surprisingly complicated compared with" the k = 1, −1 classes, the situation was different. However, using a relatively quaint form of the Minkowski metric, (2.33), we obtained the same picture, and a new set of embedding formulae, for k = 0.
Recall that the embedding of the d-dimensional de Sitter spacetime as a hyperboloid in (d + 1)-dimensional Minkowski space, suppressing dimensions, is often presented as a two-dimensional hyperboloid in a three-dimensional Minkowski space. FLRW cosmologies, with their isotropic parts suppressed, can similarly be seen as embedded surfaces in the three-dimensional Minkowski space (see, for example, [18] ). What we have found here is that by using appropriate matching coordinates, the picture can further be reduced to that of a unit-speed curve. While it is simpler to see this for de Sitter (cf. our first example), for FLRW geometries, this emerges naturally only if one uses a parametrized description of the curves.
In particular, the example of k = 0 taught us that, starting with matching coordinates, the existence of the unit-speed parametrized curve can be turned into a probe for determining the embedding. This lesson was immediately put to use, as we noticed two missing possibilities within the k = 0 and k = −1 classes. Constructing curves in appropriate coordinates, we proved that the most general k = −1 and k = 0 geometries in four dimensions -which allow the missing possibilities -are of embedding class two, i.e., minimally embeddable in six dimensions with appropriate signatures, which stand in sharp contrast to the unanimous consensus on five dimensions. This completes the mathematical picture of FLRW embedding, and may be physically useful in other theories of gravity. We then looked at defining appropriate tensors, which produced conclusions identical to those obtained from the curve picture, and demonstrated the latter's rigor (as well as the particular advantage of being able to determine the signature of the embedding).
Note that the different coordinates that we used for the Minkowski metric do not cover the whole Minkowski space as the canonical coordinates do. However, this poses no problem since each FLRW model is embedded within whatever part of the Minkowski space the respective coordinates cover. These coordinates can be transformed back to the canonical ones by standard prescriptions; however, there is no need to do so since the vanishing of the Riemann tensor guarantees that any line element can be transformed into the canonical Cartesian coordinates with the same numbers of positive and negative eigenvalues (see, for example, [3] ).
As the next natural thing, using curve construction, we considered embedding in AdS space. We found that, quite remarkably, most of the FLRW models can be embedded in AdS space in one higher dimension, with almost comparable success as in the Minkowski space. In fact, in the limit of l → ∞, one recovers the pseudo-Euclidean results for k = 1, −1, but not for k = 0. This shows again the special nature of the null-cone metric (2.33). It would be interesting if there were a single Ricci-flat space, other than the flat space, that would embed all or most of the FLRW models, like the pseudo-Euclidean and the AdS spaces do.
